In this study, the limit load, shakedown and ratchet limit of a defective pipeline subjected to constant internal pressure and a cyclic thermal gradient are analyzed. Ratchet limit and maximum plastic strain range are solved by employing the new Linear Matching Method (LMM) for the direct evaluation of the ratchet limit. Shakedown and ratchet limit interaction diagrams of the defective pipeline identifying the regions of shakedown, reverse plasticity, ratcheting and plastic collapse mechanism are presented and parametric studies involving different types and dimensions of part-through slot in the defective pipeline are investigated. The maximum plastic strain range over the steady cycle with different cyclic loading combinations is evaluated for a low cycle fatigue assessment. The location of the initiation of a fatigue crack for the defective pipeline with different slot type is determined. The proposed linear matching method provides a general-purpose technique for the evaluation of these key design limits and the plastic strain range for the low cycle fatigue assessment. The results for the defective pipeline shown in the paper confirm the applicability of this procedure to complex 3-D structures.
INTRODUCTION
Pipelines are widely used in various fields such as the petrochemical industry, energy and electric power engineering. During their operation, many local defects such as part-through slots can be produced by corrosion, mechanical damage or abrading surface cracks. These defects may jeopardize the integrity (i.e. reduce load-carrying capacity and low cycle fatigue life) of the pipelines and sometimes even lead to severe industrial accidents. The integrity assessment of defective pipelines is very important in the pipeline industry. The current testing codes and standards for the pipelines in service provide severe limitations to the allowable dimensions of part-through slots. Unnecessary welding treatments of part-through slots required by the codes are not only resource-consuming processes but can also produce more severe welding defects. Therefore, some serious and systematic attempts should be made to investigate the effects of part-through slots on the loadcarrying capacity and fatigue life of pipelines under cyclic loading conditions. These attempts are expected to provide some more scientific and reasonable approaches for the defect assessment and treatment. Studies of the effects of part-through slots on the load-carrying capacity of pipelines under cyclic mechanical load have been carried out [1, 2] . However, due to the lack of systematic theoretical analyses as well as enough experimental results, the effects of part-through slots on the shakedown and ratchet limit of pipelines under cyclic thermal load and a constant mechanical load are still unclear at present.
In the analysis of structures subjected to cyclic loading histories for an elastic-perfectly plastic material, the component will either shakedown or ratcheting. The elastic shakedown limit is the highest cyclic load under which a material shakes down to an elastic response after the first few load cycles. When the elastic shakedown limit is exceeded, the structure may experience either plastic shakedown or ratcheting. In many applications, it is too conservative for a structure to be within the elastic shakedown limit [3] . Plastic shakedown or alternating plasticity, under which a local low cycle fatigue failure mode occurs, may be permitted, provided that during its design life the effect of low cycle fatigue is taken into consideration. Ratcheting, which ultimately leads to incremental plastic collapse, must be avoided in any case, since it may lead to intolerable deformations. And for this reason it is desirable to calculate the ratchet limit of a structure under cyclic load condition. In addition, the evaluation of the ratchet limit is particularly useful for structures with stress raisers, such as cracks. In such structures, due to the presence of the elastic stress singularity at the crack tip the shakedown condition becomes invalid, since a finite shakedown limit does not exist anymore.
Many direct methods for modelling cyclic behaviour of the material have been developed in the past decades [4, 5, 6, 7, 8, 9] . These direct methods use simple material models, i.e. elastic-perfectly plastic, and consider a load domain that contains all possible load paths between the extremes, thus eliminating the need to know the precise load path which is normally required by the detailed step-by-step analysis [10] . Among them, the Linear Matching Method (LMM) [8, 9] is recognized as one of the most powerful methods. The LMM is distinguished from the other simplified methods by ensuring that equilibrium and compatibility are satisfied at each stage [8, 9, 11, 12] . In addition to the shakedown analysis method [11] , the LMM has been extended beyond the range of most other direct methods by including the evaluation of ratchet limit and plastic strain range [8, 9, 12] and high temperature material behaviour [13] . The latest ratchet limit method [12] has been verified to be capable of evaluating the ratchet limit for defectfree components subjected to cyclic load conditions involving multi-load extremes. However, the application of this latest ratchet limit method on defective components and plastic strain range has not been undertaken.
In this paper, an extended version from the latest ratchet limit method is used in the analysis of the defective pipeline subjected to constant internal pressure and a cyclic thermal gradient. The effect of part-through slots on the load carrying capacity, shakedown and ratchet limit is presented. Parametric studies involving different types and dimensions of part through slots are carried out. ABAQUS [10] step-by-step inelastic analyses are also carried out to verify the obtained shakedown and ratchet limits by the proposed method. [3] , the LMM procedure has proved to produce very accurate upper and lower bound shakedown limits [15] [16] [17] . The details of the LMM for limit load and shakedown limit will not be discussed here as we are primarily concerned with a new LMM for ratchet analysis. Let us consider the problem of an elastic-perfectly plastic body subjected to a general cyclic load history 
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Asymptotic cyclic solution
For the cyclic problem defined above, the stresses and strain rates will become asymptotic to a cyclic state where
The cyclic stress solution may be expressed in terms of four components, the varying elastic stress solution corresponding to the cyclic component of the load history, the associated changing residual stress field, the constant elastic stress solution due to the constant component of the load history and its associated constant residual stress. Hence, the general form of the stress solution for the cyclic problems involving changing and constant residual stress fields is given by (4) where To evaluate the ratchet limit numerically for a component subjected to a predefined cyclic load history to withstand an extra constant load, we decouple the evaluation of the changing residual stress ) (t r ij ρ and the constant residual stress F ij ρ so that the varying part and constant part of the residual stress may be evaluated separately. Hence, the whole numerical procedure includes two stages; The first stage is to calculate the history of the changing residual stress field ) (t r ij ρ associated with the predefined cyclic load history and the corresponding plastic strain ranges associated with a low cycle fatigue assessment. The second stage is to locate the ratchet limit by a conventional shakedown analysis where a constant residual stress F ij ρ is evaluated and the elastic stress history is augmented by the changing residual stress calculated in the first stage.
Numerical procedure for the varying residual stress field and plastic strain range
The Linear Matching Method procedure for the assessment of residual stress history and the associated plastic strain range due to the cyclic component of the load history is described below in terms of N discrete time points. Following the same procedure as [13] , for a strictly convex yield condition, the only instants when plastic strains can occur are at the vertices of the stress history ) ( 
At each iteration, the above changing residual stress
for nth load instance at mth cycle of iteration is calculated. When the convergence occurs at the mth cycle of iterations, the summation of changing residual stresses at N time points must approach to zero (
due to the stable cyclic response. Hence the constant element of the residual stress for the cyclic loading history is (6) and determined by (7) The corresponding converged increment of plastic strain occurring at time n t is calculated by (8) where n μ is the iterative shear modulus and notation ( ' ) refers to the deviator component of
is the converged accumulated residual stress at the time instant n t , i.e.
(9)
The detailed iterative procedure for the evaluation of the residual stress history and associated plastic strain range has been implemented into ABAQUS through user subroutines UMAT and given in [12] . Numerical procedure for the ratchet limit
Once the history of the accumulated residual stress field ) ( n ij t ρ at the time instance n t associated with the cyclic component of the load history has been calculated, the numerical technique for the ratchet limit can be accommodated within the existing method of the shakedown analysis [11, 17] where the linear elastic solution is augmented by the changing residual stress field ) ( n ij t Thus an upper bound on the ratchet limit multiplier can be obtained by (13) which gives the capacity of the body subjected to a predefined cyclic load history ) ( σˆ before ratcheting takes place. On the basis of this formulation, the LMM produces a sequence of monotonically reducing upper bounds, which converges to the least upper bound ratchet limit for the chosen class of displacement fields. In the following sections, a defective pipeline with different types of slot is analysed in detail using the proposed method.
3-D DEFECTIVE PIPELINE

Geometry
The geometry [1] and the material properties of a defective pipeline subjected to constant internal pressure and a cyclic thermal gradient are shown in Fig.1 and Table1 respectively. R i and R 0 are the inner radius and outer radius of the defective pipeline, respectively. The analysis is performed for different geometric parameters of a pipeline with different types of slot (tables 2, 3). In all cases the inner radius and outer radius are chosen to be R i =17mm, R 0 =21mm respectively, while the length is L=250mm. 
Finite element model
The defective pipeline is analyzed using ABAQUS type C3D20R 20 node quadratic brick elements with reduced integration scheme. The defective pipeline has two planes of symmetry. Hence, to minimize the size of the model, these symmetry boundary conditions are applied to the half section of the model. A finite element model of a defective pipeline with four different types of slot is shown in Fig. 2 . The pipeline bore is under constant internal pressure. The free end of the pipeline is constrained in order to keep the plane section plane during loading. The closed-end boundary condition is achieved by applying uniform axial thrust to the end of the pipe. The uniform axial thrust T N induced by the internal pressure P is given by ( )
The applied cyclic thermal loading is produced by assuming that the outside surface of the pipeline is at ambient temperature while the internal surface temperature ---Firstly, a thermal stress is produced by the linear thermal gradient along the thickness. This thermal load is calculated by a steady-state thermal analysis; ---Secondly, a zero thermal stress field is selected to simulate a uniform ambient temperature for the whole defective pipeline.
The detailed temperature history at the inner surface of the defective pipeline is given in Fig.3, where θ(t) varies between θ 0 and θ 0 +Δθ. When the ambient temperature θ 0 remains at 0°C, the magnitudes of the maximum thermo elastic stresses for the above thermal loading extremes can be determined by the maximum temperature difference Δθ between the inner surface and outer surface of the defective pipeline. Hence the cyclic thermal load and constant mechanical load can be characterized by the maximum temperature difference Δθ and the internal pressure P, respectively. The reference constant elastic mechanical stress can be calculated by the internal pressure P=P 0 =100MPa while the reference temperature difference Δθ=Δθ 0 =100°C determines the reference cyclic elastic thermal stress.
THE LIMIT LOAD, SHAKEDOWN AND RATCHET LIMIT INTERACTION CURVE
The shakedown and ratchet limit interaction curve for a pipeline with small slot (shallow dimension) subjected to constant internal pressure and a cyclic thermal gradient is shown in Fig.4 . The applied pressure in X-axis is normalized with respect to the reference internal pressure P 0 , while the thermal load in Y-axis is normalized by using the reference temperature difference Δθ=Δθ 0 =100°C. This interaction diagram consists of shakedown limit，ratchet limit and limit load for different ratios of varying thermal load and constant mechanical load. The diagram is divided into four zones; shakedown, reverse plasticity, ratcheting and plastic collapse zone. Elastic shakedown will not occur if the load applied surpasses the reverse plasticity limit "AB". In this case the permanent strains settle into a closed cycle, a condition also known as "alternating plasticity" and associated with a low cycle fatigue mechanism. The plastic strains will increase indefinitely if the applied cyclic load level is beyond the ratchet limit "CD". This is known as "ratcheting" or "incremental plastic collapse". The point "D" corresponds to the limit load for the applied mechanical load. Any applied cyclic load which exceeds the limit load line DI will cause plastic collapse. For the verification of the ratchet limit boundary calculated by the LMM, the cyclic load points E(Δθ=1.5Δθ 0 , P=0.68 P 0 ), F(Δθ=3.5Δθ 0 , P=0.45P 0 ), and G(Δθ=1.5Δθ 0 , P=0.75P 0 ), H(Δθ=3.5Δθ 0 , P=0.55P 0 ), which are just below and above the calculated ratchet limit boundary (Fig.4) , respectively, are Fig.5a and Fig.5b , respectively. From Fig.5a it is observed that the calculated maximum equivalent plastic strain for the load case E exhibits shakedown as the calculated equivalent plastic strain stops changing after 3 load cycles, and the load case G shows a strong ratcheting mechanism, with the maximum equivalent plastic strain increasing at every cycle. A similar result is also obtained from Fig.5b , where the calculated maximum equivalent plastic strain for the load case F settles into a stable cycle after about 10 load cycles showing a reverse plasticity mechanism, and the load case H shows a strong ratcheting mechanism, with the maximum equivalent plastic strain increasing at every cycle. For verifying the accuracy of the reverse plasticity limit "AB", the cyclic load points K(Δθ=2.3Δθ 0 , P=0.1P 0 ) and L(Δθ=2.7Δθ 0 , P=0.1P 0 ), which are just below and above the calculated reverse plasticity limit (Fig.4) , respectively, are chosen for the step-by-step analysis by ABAQUS. Load point K (Fig.5c ) exhibit shakedown mechanism as the calculated equivalent plastic strain stops changing after 3 load cycles. The calculated equivalent plastic strain for the load point L (Fig.5c ) converges to a closed cycle after 3 load cycles showing a reverse plasticity mechanism. Thus, the results in Fig.5 obtained by ABAQUS step-by-step analysis confirm the accuracy of the predicted ratchet and shakedown limits by the LMM. Further benefits of the LMM can be found considering the computing time necessary to generate the shakedown and ratchet curves. The time that the LMM needed to generate the load points on the ratcheting boundary was less than 10% of that needed for the above cyclic load cases to complete using the ABAQUS step-by-step analyses.
RESULTS AND DISCUSSIONS The effect of the part-through slot on limit load
The loads causing plastic collapse on a defective pipeline with part-through slots and on defect-free pipeline under a constant internal pressure are shown in table 4. From table 4 it is observed that the calculated limit load for the defective pipeline with a small slot is identical to that for the defect-free pipeline. This reveals that the small slot does not affect the global failure mechanism of the defect-free pipeline. It can be seen from table 4 that other types of slot cause a reduction in the limit load according to the volume of material removed. Despite removing the same volume of material, an axial slot will reduce the limit load more significantly than a circumferential slot. A thin walled pipe with closed ends subject to internal pressure will have a hoop stress which is twice the axial stress, which makes an axial slot more dangerous than a circumferential slot. The calculated limit load for the defective pipeline with a large area slot has the least value, since the material loss for this type of slot is maximum. The effect of the part-through slot on shakedown limit
The shakedown and ratchet limit interaction curve for a defective pipeline with different defect types of shallow slots is shown in Fig.6 . The same interaction curve with shallow and deep type slot is shown in Fig.7 . In both figures the applied pressure in the X-axis is normalized with respect to the reference internal pressure while the thermal load in the Y-axis is normalized by using the reference temperature difference Δθ=Δθ 0 =100°C. Form Fig.6 it is observed that any part-through slot significantly reduces the reverse plasticity limit of the pipeline due to the stress concentration caused by the existence of the slot. For a pipeline with a small slot and a pipeline with a large area slot, the reverse plasticity limits are almost identical and have a greater value than a pipeline with circumferential and axial slot. A pipeline with an axial slot has the least reverse plasticity limit due to the most significant stress concentration. In the same way as with the limit load, the axial slot has a larger impact on the hoop stress than a circumferential slot, and therefore has a larger reduction in the reverse plasticity limit. The stress concentration factor of a large area slot is less than that of an axial or circumferential slot and therefore has a larger reverse plasticity limit. Fig.7 shows that the reverse plasticity limit decreases when the slot gets deeper. The decreasing reverse plasticity limit is due to the increasing local stress concentration in the case of a deeper slot. The effect of the part-through slot on ratchet limit From Fig. 6 it is observed that at different levels of cyclic thermal loading the ratchet limit boundary decreases sharply for a defective pipeline with axial and large area slot and it remains almost constant for small and circumferential slot, compared with a defect-free pipeline. This phenomenon could be explained by Fig.8, which shows the failure pattern at the ratchet limit state for a defective pipeline with a shallow slot subjected to constant internal pressure and a cyclic thermal gradient. Fig.8a and Fig.8b show that for a defective pipeline with small and circumferential slots the failure pattern appears almost in the whole body of the pipe, where the lighter colour represents the failure area. These failure pattern are a global response, which are similar to that of a defect-free pipeline. Hence the ratchet limit boundary for the pipeline with small and circumferential slots has almost the same magnitude as the defect-free pipeline. In the case of a defective pipeline with axial and large area slots (Fig.8c and Fig.8d ), both failure areas appear locally around the slot, while the other parts of the pipe are unaffected. This explains why the ratchet limit boundary for the defective pipeline with axial and large area slot decreases significantly comparing to that of defect-free pipeline. 6 also shows that for the cases of axial and large area slots, the ratchet limit ends at cyclic thermal loading points Δθ=4.1Δθ 0 and Δθ=5.5Δθ 0 , respectively, which indicates that when the cyclic thermal loading Δθ beyond these cyclic thermal loading limits (4.1Δθ for axial slot and 5.5Δθ for large area slot), any amount of constant internal pressure will result in ratcheting. Similar to the limit load behaviour, the results in Fig.7a show that the deeper slot has no effect on the ratchet limit boundary for the small slot type. For the circumferential slot (Fig.7b) , a deeper slot reduces the ratchet limit boundary slightly. When considering the axial and large area slots (Fig.7c-7d) , a deeper slot causes greater reduction in the ratchet limit boundary. The effect of the part-through slot on plastic strain range
The plastic strain range concerning a fatigue crack initiation is a key factor in a low cycle fatigue assessment. The maximum plastic strain range against temperature range for different types of shallow slot subjected to cyclic thermal loading only is plotted in Fig.9a . It is observed from Fig.9a that the presence of part-through slot leads to an increase in the maximum plastic strain range. The axial slot causes a sharp increase in plastic strain range with increasing temperature compared to a defect free pipe. All other slot types cause only a small increase in comparison.
In order to investigate the effect of the constant mechanical load on the plastic strain range, three types of cyclic load histories are chosen as follows; 1) Cyclic temperature history (Δθ) only, 2) Cyclic temperature history and constant internal pressure (Δθ+0.1 P 0 ), 3) And cyclic temperature history and constant internal pressure (Δθ+0.2 P 0 ).
The diagrams of maximum plastic strain range versus temperature range for a defect-free pipeline and a defective pipeline with different slot types are shown in Fig.9b-Fig.9f . It can be seen that the plastic strain range occurs when the applied temperature range exceeds the reverse plasticity limit. The results show that the cyclic loading history with additional constant internal pressure (Δθ+0.1P 0 ) causes an increase in the maximum plastic strain range. The extra increase of the constant internal pressure from (0.1P 0 ) to (0.2P 0 ) does not result in further increase in the plastic strain range. For the axial and large area slots (Figs.9e-9f) , when the maximum temperature range exceeds the level Δθ=400°C, the component will exhibit ratcheting under this cyclic temperature load and the extra constant internal pressure (Δθ+0.2P 0 ) (Fig.6) . Thus, for these two slot cases, the maximum plastic range is plotted for the temperature ranges up to level Δθ=400°C.
The location of the initiation of a fatigue crack, in different types of defective pipes occurring due to fatigue of the structure under cyclic loadings, is shown in Fig.10 . From Fig.10b-10d it is observed that the location of the initiation of a fatigue crack in a defective pipe with circumferential, axial or large area slots, respectively, will occur along the slot surface direction. Whereas for the defective pipe with a small slot (Fig.10a ) the initiation of a fatigue crack occurs in the inner bore of the pipe.
Further investigation on this study shows that the location of the initiation of a fatigue crack for a defective pipeline is independent of the cyclic loading types considered in this paper.
CONCLUSIONS
In the present study, the effect of part-through slots on limit loading, shakedown limit, ratchet limit and maximum plastic strain range has been investigated using the proposed Linear Matching Method and the following observations have arisen :
1. The new Linear Matching Method has been verified by the step-by-step analysis, showing that it gives very accurate shakedown and ratchet limits for the defective pipelines with part-through slots.
2. A defective pipeline with a small slot and circumferential shallow slot greatly reduces the thermal load at which plastic shakedown occurs but does not affect the ratchet boundary and limit load. This implies that a small slot and circumferential shallow slot of the size studied in this paper gives essentially a local stress concentration, which will affect the fatigue life of the pipeline but will not influence the gross plastic deformation or the incremental plastic collapse behaviour.
3. The presence of a part-through slot leads to an increase in the maximum plastic strain range. The maximum plastic strain ranges obtained in this study give a key information for the low cycle fatigue assessment.
4. The location of the initiation of a fatigue crack for a defective pipeline is independent of the cyclic loading types considered in this paper. 
